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Problem Setting

rj
c jc j

c i

dij

cij = ∥c i − c j∥

uinc

v0, v1

Ω = ∪N
j=1B(c j , rj), Ωc := R2 \ Ω,

Γj = ∂B(c j , rj), Γ = ∪Γj .

Particles are separated: dij > 0 ∀i , j .
Incident field

∂2
t u

inc −∆uinc = 0 in R2,

uinc
∣∣
t=0

= v0, ∂tu
inc
∣∣
t=0

= v1,

supp v0, v1 ⊂ Ωc , compact

Asymptotic regime

Fix N, c i and Ri , i = 1, . . . ,N. Set ri = rεi := εRi .

Approximate u = uε for ε → 0 (uε = O(log−1 ε)). Goal: ∥uεapp − uε∥/∥uε∥ → 0.
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Motivation

Interesting from the theoretical viewpoint

Such models have a potential in computations (cf. Barucq et al. 2021):

Figure: A tetrahedral mesh
generated by GMSH in a domain
with a small inclusion

typical for wave propagation: explicit
methods
(for well-chosen spatial discretization mass
matrix is easy to invert)

CFL restriction: ∆t ≲ Ch

small particles =⇒ need to mesh finely in
their vicinity+ CFL =⇒ small time step
(remedies: numerical (local time stepping /
locally implicit methods) or analytical
(asymptotic methods))
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(Non-exhaustive) bibliography

Frequency-domain (Helmholtz with the frequency ω) (see also P. Martin, Multiple scattering.
Interaction of time-harmonic waves with N obstacles):

1 generalized framework of Foldy, Lax (Foldy ’45, Lax ’51, ’52), Cassier, Hazard ’14

2 asymptotics by BIE: see Ramm ’85, works by Challa, Sini, Bouzekri (also sometimes are
called Foldy-Lax models)

3 matched asymptotic expansions:
Bendali et al. ’16,
Labat et al. ’19 (electromag.)

Time-domain (P. Martin, Time-domain scattering 2021)

1 matched asymptotic expansions:
PhD of V. Matessi (2014), Barucq et al. 2021 (single obstacle),
Korikov 2014 (single obstacle),
PhD of S. Marmorat (2015) (2D transmission problem),
Korikov, Plamenevskii, 2017 (3D Maxwell in a bounded domain)

2 3D BIE (retarded potentials): M. Sini, H. Wang, Q. Yao 2021 (geometrical condition to
ensure stability)

This work: (mostly) 2D time-domain. We will derive a model as a Foldy-Lax model (explanation
to follow).

first part: circles

second part (in progress): extension to particles of general shapes
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Foldy-Lax in frequency domain: brief intro

Fourier-Laplace transform: F f (ω) =
∞∫
0

eiωt f (t)dt, Imω ≥ 0.

2D Helmholtz (−∆− ω2) fundamental solution: Gω(r) :=
i
4
H

(1)
0 (ωr)

rj c jc j

c i

N circles

A Foldy-Lax model

N = 1
N > 1

ûε(x) ≈ ûε
app(x) = −

N∑
n=1

λ̂ε
n

Gω(∥x − cn∥)
Gω(rεn )︸ ︷︷ ︸

Solves the Helmholtz eq.

in R2 \ {cn}

.

Theorem (Cassier, Hazard ’14, where the model is also derived rigorously)

−ûinc(ck) = λ̂ε
k +

∑
n ̸=k

λ̂ε
n
Gω(∥ck − cn∥)

Gω(rn)
, k = 1, . . . ,N.

Then, as ε → 0, ∥ûε − ûε
app∥L2(K) ≲ Cω,K

ε
| log ε| for all compact K ⊂ Ωc .
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app∥L2(K) ≲ Cω,K

ε
| log ε| for all compact K ⊂ Ωc .

5 / 32



Foldy-Lax in frequency domain: brief intro

Fourier-Laplace transform: F f (ω) =
∞∫
0

eiωt f (t)dt, Imω ≥ 0.

2D Helmholtz (−∆− ω2) fundamental solution: Gω(r) :=
i
4
H

(1)
0 (ωr)

rj c jc j

c i

N circles

A Foldy-Lax model

N = 1 , c1 = 0, r1 = ε, ĝ = − ûinc
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H

(1)
0 (ωρ)

H
(1)
0 (ωε)

+ O(ε)

N > 1
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ûε(x) ≈ ûε
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Foldy-Lax model in time domain: first idea

Frequency domain

ûε
FL(x) =

N∑
n=1

λ̂ε
n
Gω(∥x − cn∥)

Gω(rεn )
,

− ûinc(ck) = λ̂ε
k +

∑
n ̸=k

λ̂ε
n
Gω(∥ck − cn∥)

Gω(rεn )
, k = 1, . . . ,N.

Rewriting in the time domain

G(t, r) := 1
2π

H(t−r)√
t2−r2

2D Green fn for the wave equation (H(t) is Heaviside fn)

New unknown µ̂ε
n := λ̂ε

nG
−1
ω (rεn )

Foldy-Lax approximation

uε
FL(x , t) =

N∑
n=1

∫ t

0

G(t − τ, ∥x − cn∥)µε
n(τ)dτ =

N∑
n=1

G(t, ∥x − cn∥) ∗ µε
n(t)

−uinc(ck , t) = G(t, rεk ) ∗ µε
k (t) +

∑
n ̸=k

G(t, ∥ck − cn∥) ∗ µε
n(t), k = 1, . . . ,N.
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Numerical simulations

Stability? Convergence?

Uniform Stability: for a sufficiently regular uinc , for all ε0 > ε > 0, for all t > 0,
∥uε

app(t)∥L2
loc

≤ Cgeom(1 + t)q∥uinc∥Hs (0,t;Hm(R2)).

Convergence: ∥uε
app − uε∥/∥uε∥ → 0, as ε→ 0.

Seems to converge quite well !
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Numerical simulations

We compare Foldy-Lax and FEM solutions (with the PML to bound the comp. domain)

Incident wave: uinc = −e−20(t−x·d)2 sin(20(t − x · d)), d = (0, 1)T

Obstacle diameter: d = 0.01 (∼ 1/12λ). Final time: T = 4
Discretization: trapezoid rule convolution quadrature (Lubich ’88, ’94).
Simulations were performed with the help of the DEAL.II library (Arndt et al. ’21)

Seems to converge quite well !
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We compare Foldy-Lax and FEM solutions (with the PML to bound the comp. domain)

Incident wave: uinc = −e−20(t−x·d)2 sin(20(t − x · d)), d = (0, 1)T

Obstacle diameter: d = 0.2 (∼ 1.6λ). Final time: T = 8
Discretization: trapezoid rule convolution quadrature (Lubich ’88, ’94).
Simulations were performed with the help of the DEAL.II library (Arndt et al. ’21)

Exponential blow up (can be proven rigorously, occurs also in less exotic situations!)
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An instability result

dijc i c j

ri

An example instability result

N = 3, ri = r and 0 < dij = αr , α < 2, ∀i , j

For some uinc ∈ C∞(R+ × R2), some tn → +∞, and
cλ,A > 0,

∥λ(tn)∥ ≥ cλe
Atn

(a similar result holds for uε
app).

Main idea: Show that λ̂(ω) has a pole ω with Imω > 0 (Think of Feat = − i
ω−ia

).

for a ’good’ ûinc , the poles of λ̂(ω) ⇐⇒ detMω = 0 ⇐⇒ Pω = − 1
2

(using asymptotics of Hankel functions for |ω| → +∞) some roots of

Pω =
H
(1)
0 ((α+2)ωr)

H
(1)
0 (ωr)

= − 1
2
are, with |n| > n∗:

ωn =
2πn

(α− 1)r
+ i

1

2(α+ 1)r
log

4

(α+ 2)︸ ︷︷ ︸
>0, for α<2

+o(1), |n| → +∞.

Conclusion: for some geometries the FL model is unstable (lack of robustness)
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ûinc(c3)

 , Pω :=
H

(1)
0 ((α+ 2)ωr)

H
(1)
0 (ωr)

.
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Stabilization

Start with the boundary representations:
Single-layer representation uε(t, x) =

∫
Γε

∫ t

0
G(t − τ, ∥x − y∥)µε(τ, y)dτ dΓy .

Time-domain single-layer BIE

−uinc(t, x) =
∫
Γε

∫ t

0
G(t − τ, ∥x − y∥)µε(τ, y)dτ dΓy , x ∈ Γε.

Main idea of stabilization

coercivity-like properties of the TD SLBIE in space =⇒ space Galerkin
semi-discretizations of SLBIE are stable

we will device a FL model based on such a Galerkin method (stable a priori)
Galerkin Foldy-Lax (naming thanks to Patrick Joly)

the FL model of Cassier, Hazard ’13 is a frequency-dependent perturbation of this
Galerkin Foldy-Lax model

The idea of deriving an asymptotic model as a Galerkin discretization is apparently not
new: see numerics in the PhD of J. Labat ’19
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Outline

Outline of what follows

derivation in the frequency domain

passing to the time domain

stability (will skip the statement itself) and convergence analysis

some numerics
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Galerkin Foldy-Lax model

Single Layer Ansatz : ûε(x) =
∑N

n=1

∫
Γεn

Gω(∥x − y∥)µ̂ε
n(y)dΓy = Sεµ̂ε, x ∈ Ωε,c

Single Layer BIE : given ĝε ∈ H1/2(Γε), find µ̂ε ∈ H−1/2(Γε), s.t.

ĝε(x) =
N∑

n=1

∫
Γεn

Gω(∥x − y∥)µ̂ε
n(y)dΓy , x ∈ Γε ⇐⇒ ĝε = Sεµ̂ε.

Galerkin space : S0(Γ
ε
k ) := {ϕ ∈ H−1/2(Γε

k ) : ϕ = const}, Sε
0 :=

∏N
k=1 S0(Γ

ε
k ).

The Galerkin Foldy-Lax model in the frequency domain

Find µ̂ε
G ∈ Sε

0 , s.t. for all ϕ ∈ Sε
0 ,

⟨ĝε,ϕ⟩H1/2,H−1/2 = ⟨Sεµ̂ε
G ,ϕ⟩H1/2,H−1/2 .

The Galerkin Foldy-Lax model more explicitly

(Taking ϕ = 1 on Γε
k and zero otherwise). Find µ̂ε

G ∈ CN , s.t.∫
Γε
k

ĝε(x)dΓx =
N∑

n=1

µ̂ε
G ,n

∫
Γε
k

∫
Γεn

Gω(∥x − y∥)dΓy dΓx , k = 1, . . . ,N.
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Passing from the frequency domain to the time domain

Frequency domain

Find µ̂ε
G ∈ CN , s.t.∫

Γε
k

ĝε(x)dΓx =
N∑

n=1

µ̂ε
G ,n

∫
Γε
k

∫
Γεn

Gω(∥x − y∥)dΓy dΓx , k = 1, . . . ,N.

The field is approximated as follows:

ûε(x) =
N∑

n=1

∫
Γεn

Gω(∥x − y∥)µ̂ε
G ,ndΓy = Sεµ̂ε

G , x ∈ Ωε,c

Time-domain

Find µε
G ∈ C ℓ(0,T ;RN), s.t.∫

Γε
k

gε
k (t, x)dΓx =

N∑
n=1

∫ t

0

(∫
Γε
k

∫
Γεn

G(t − τ, ∥x − y∥)dΓy dΓx

)
︸ ︷︷ ︸

Kε
kn
(t−τ)

µε
G ,n(τ)dτ, k = 1, . . . ,N.

The field then can be found by computing time-domain convolutions

uε
G (t, x) =

N∑
n=1

∫ t

0

(∫
Γεn

G(t − τ, ∥x − y∥)dΓy

)
µε
G ,n(τ)dτ, x ∈ Ωε,c .
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ûε(x) =
N∑

n=1

∫
Γεn

Gω(∥x − y∥)µ̂ε
G ,ndΓy = Sεµ̂ε

G , x ∈ Ωε,c

Time-domain

Find µε
G ∈ C ℓ(0,T ;RN), s.t.∫

Γε
k

gε
k (t, x)dΓx =

N∑
n=1

∫ t

0

(∫
Γε
k

∫
Γεn

G(t − τ, ∥x − y∥)dΓy dΓx

)
︸ ︷︷ ︸

Kε
kn
(t−τ)

µε
G ,n(τ)dτ, k = 1, . . . ,N.

The field then can be found by computing time-domain convolutions

uε
G (t, x) =

N∑
n=1

∫ t

0

(∫
Γεn

G(t − τ, ∥x − y∥)dΓy

)
µε
G ,n(τ)dτ, x ∈ Ωε,c .
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Stability

The previously ’unstable’ configuration

Convergence analysis

What is a convergence order of the newly designed model?
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Error analysis

Analysis: frequency domain (Imω > 0 (ensures invertibility of all operators involved))+
explicit dependence on ω and ε+Plancherel =⇒ time-domain

Decomposition of H1/2(Γε): H1/2(Γε) = Sε
0

⊥
L2

+ H
1/2
∗ (Γε),

Sε
0 = {ϕ ∈ H1/2(Γε) : ϕ|Γε

k
= const},

H1/2
∗ (Γε) = {ϕ ∈ H1/2(Γε) : (ϕ,ψ)L2(Γε) = 0, ∀ψ ∈ Sε

0},
P0,P⊥resp. orthog. projectors ( ⇐⇒ v = P0v + P⊥v = v0 + v⊥)

Decomposition of H−1/2(Γε): H−1/2(Γε) = Sε
0

.
+ H

−1/2
∗ (Γε)

H−1/2
∗ (Γε) = {ϕ ∈ H−1/2(Γε) : ⟨ϕ,ψ⟩H−1/2,H1/2 = 0, ∀ψ ∈ Sε

0},

v = P∗
0v + P∗

⊥v = v0 + v⊥.

Coercivity/continuity constants of Sε
ω on different spaces have a different asymptotic

behavior w.r.t. ε (seen e.g. from a scaling argument for one obstacle)

15 / 32



Error analysis

Galerkin Foldy-Lax method: Find µ̂ε
G ∈ Sε

0 , s.t. for all ϕ ∈ Sε
0 ,
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Error analysis

Galerkin Foldy-Lax problem: Find µ̂ε
G ∈ Sε

0 , s.t. for all ϕ ∈ Sε
0 ,

⟨ĝε(ω),ϕ⟩ = ⟨Sεµ̂ε
G (ω),ϕ⟩. (GD)

The error: êε = µ̂ε − µε
G = êε

0 + êε
⊥

Goal: Obtain a bound on êε in terms of the data (ûinc)

Equation for the error

Sε
00 := P0S

εP∗
0 ,

Sε
⊥⊥ := P⊥S

εP∗
⊥,

Sε
⊥0 := P⊥S

εP∗
0 , Sε

0⊥ = P0S
εP∗

⊥.

Same notation for operators restricted to the corresp. spaces Sε
00 = P0S

ε|Sε
0

Galerkin Foldy-Lax problem: Sε
00µ

ε
G = ĝε

0

Exact problem:

(
Sε
00 Sε

0⊥
Sε
⊥0 Sε

⊥⊥

)(
µ̂ε

0

µ̂ε
⊥

)
=

(
ĝε
0

ĝε
⊥

)
.

The problem satisfied by the error:(
Sε
00 Sε

0⊥
Sε
⊥0 Sε

⊥⊥

)(
êε
0

êε
⊥

)
=

(
0

ĝε
⊥ − Sε

⊥0µ̂
ε
G

)
.
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⟨ĝε(ω),ϕ⟩ = ⟨Sεµ̂ε
G (ω),ϕ⟩. (GD)

The error: êε = µ̂ε − µε
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⟨ĝε(ω),ϕ⟩ = ⟨Sεµ̂ε
G (ω),ϕ⟩. (GD)

The error: êε = µ̂ε − µε
G = êε
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0

Exact problem:

(
Sε
00 Sε

0⊥
Sε
⊥0 Sε

⊥⊥

)(
µ̂ε

0

µ̂ε
⊥

)
=

(
ĝε
0

ĝε
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0 + êε
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The error: êε = µ̂ε − µε
G = êε
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⊥ − Sε
⊥0µ̂

ε
G ) = P∗

⊥(S
ε)−1P⊥

(
ĝε
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Convergence
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−1ĝε
0

)
Conclusion

Convergence

Convergence=bounds on the operators+bounds on the data gε = − uinc
∣∣
Γε

17 / 32



Error analysis

(
Sε
00 Sε

0⊥
Sε
⊥0 Sε

⊥⊥

)(
êε
0

êε
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−1ĝε
0

)
Conclusion

∥êε
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0∥L2
)
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∥êε
0∥L2 ≤ ∥(Sε

00)
−1∥∥Sε
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⊥∥H−1/2

∗

Bounds on the operators (following ideas of Hassan, Stamm ’21)

With constants that depend on ω, N and dij ,

∥(Sε
00)

−1∥ ≲ ε−1, ∥P∗
⊥(S

ε)−1P⊥∥ ≲ 1, ∥Sε
⊥0∥ = ∥Sε

0⊥∥ ≲ ε3/2

Bounds on the data

With constants depending on W k,∞(R2)-norms of uinc :

∥ĝε
0∥L2 ≲ ε1/2, ∥ĝε

⊥∥H1/2
∗

≲ ε.

Take-away message

The convergence is assured by
∥ĝε

⊥∥H1/2
∗

≲ ε (behaviour of the data on the space orthogonal to the Galerkin space),

∥Sε
⊥0∥ = ∥Sε

0⊥∥ ≲ ε3/2 (off-diagonal operator terms)
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∥ĝε
0∥L2 ≲ ε1/2, ∥ĝε
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Final result (frequency domain)

Summary

∥êε
0∥L2 ≲ ε3/2, ∥êε

⊥∥H−1/2
∗

≲ ε. Thus

∥µ̂ε − µ̂ε
G∥H−1/2(Γε) =

(
∥êε

0∥2L2 + ∥êε
⊥∥2H−1/2

∗

)1/2
≲ ε

Superconvergence of the solution

Let x ∈ Ω1,c Then we have a super-convergence result:

|ûε(x)− ûε
G (x)| ≲ ε2

Illustration: Use the single-layer representation and treat error components separately:

ûε(x)− ûε
G (x) =

∫
Γε

Gω(x − y) (µ̂ε − µ̂ε
G ) dΓy = ν̂ε

0 (x) + ν̂ε
⊥(x),

ν̂ε
0 (x) =

∫
Γε

Gω(x − y)êε
0dΓy , ν̂ε

⊥(x) =
∫
Γε

Gω(x − y)êε
⊥dΓy

E.g. a bound for ν̂ε
0 (Splitting of the error is important!) Use Cauchy-Schwarz

and regularity of Φ(y) = Gω(x − y):

|ν̂ε
0 (x)| ≲ ∥êε

0∥L2 ∥Φ∥L2

≲ ε3/2
(∫

Γε
|Φ|2

)1/2

≲ ε3/2|Γε|1/2 ≲ ε2
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∥êε
0∥L2 ≲ ε3/2, ∥êε
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0∥L2 ∥Φ∥L2 ≲ ε3/2
(∫

Γε
|Φ|2

)1/2

≲ ε3/2|Γε|1/2 ≲ ε2

19 / 32



Final result (frequency domain)

Summary

∥êε
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Final result (time-domain, simplified)

Convergence of the density

∥µε − µε
G∥L∞(0,T ;H−1/2(Γε)) ≤ ε× Cµ∥uinc∥H8(0,T ;W 1,∞(R2))

The constant Cµ depends polynomially on (the smallest distance between particles)−1,
number of particles, final time.

Super-convergence of the solution

Let x ∈ Ω1,c . We have, as ε→ 0,

∥uε(., x)− uε
G (., x)∥L∞(0,T ) ≤ ε2 × Cu∥uinc∥H8(0,T ;W 1,∞(R2)).
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Numerical experiments

Data

r 1i = r = 0.1, data: uinc(t, x) = e−100(t−d ·x−2)2

(λmin ≈ 0.1)
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Numerical experiments
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r 1i = r = 0.1, data: uinc(t, x) = e−100(t−d ·x−2)2
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Other particles

This is a joint work with A. Savchuk (PhD student)

What happens to other particles

Same setting (sound-soft scattering), but with circles replaced by arbitrary Lipschitz
domains?

The Galerkin Foldy-Lax model

Find µε
G ∈ C ℓ(0,T ;RN), s.t.∫
Γε
k

gε
k (t, x)dΓx =

N∑
n=1

∫ t

0

(∫
Γε
k

∫
Γεn

G(t − τ, ∥x − y∥)dΓy dΓx

)
µε
G ,n(τ)dτ.

The first idea

The Galerkin FL model as above can be defined for any shape, and is a priori stable.
Let’s see whether it converges.
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Numerics

Data

The source uinc(t, x) = e−20(t−d ·x−2)2 , measure the
error on t ∈ (0, 4) at x = (0.2, 0.2)
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We have convergence in the relative error O(log−1 ε) (a 2D artifact, in 3D no
convergence), but we would like to have higher order. Open question: the error is still
not bad!
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The outline of what follows

1 a theoretical investigation of what happens with constant basis functions

2 an alternative asymptotic model

3 two main difficulties in the analysis

4 numerical experiments
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Why the model does not converge well (where the circular shape comes into play)

Simplification: frequency domain, one C 2,α particle (centered in 0).
Goal: Find a good approximation to the exact solution and compare it with the one
obtained through the Foldy-Lax model

The Galerkin Foldy-Lax model

µ̂ε
G

∫∫
Γε×Γε

Gω(∥x − y∥)dΓydΓx = −
∫
Γε

ûinc(x)dΓx , Gω(r) =
i

4
H

(1)
0 (ωr).

The exact density∫
Γε

Gω(∥x − y∥)µ̂ε(y)dΓy = −ûinc(x)

= −ûinc(0) + O(ε),

x ∈ Γε.
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Γε

Gω(∥x − y∥)µ̂ε(y)dΓy = −ûinc(x) = −ûinc(0) + O(ε), x ∈ Γε.

Rescaling

With y = εŷ , x = εx̂ , x̂ , ŷ ∈ Γ1,

ε

∫
Γ1
Gω(ε∥x̂ − ŷ∥)µ̂ε(εŷ)dΓŷ = −ûinc(0) + O(ε), x̂ ∈ Γ1.
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ûinc(x)dΓx , Gω(r) =
i

4
H

(1)
0 (ωr).

Rescaling

ε

∫
Γ1
Gω(ε∥x − y∥)µ̂ε(εy)dΓy = −ûinc(0) + O(ε), x ∈ Γ1.

Approximation

H
(1)
0 (εω∥x − y∥) = 2i

π
log(εω∥x − y∥) + C + O(ε log ε), ε→ 0+,

and this induces the decomposition

S1
ωε = S1

0 + (C − 1

2π
log εω)︸ ︷︷ ︸

Cωε

IΓ1 + o(1),

S1
0φ = − 1

2π

∫
Γ1
log ∥x − y∥φ(y)dΓy , IΓ1φ =

∫
Γ1
φdΓ.
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(
S1
0 + CωεIΓ1 + o(1)

)
µ̂ε(ε·) = −ε−1ûinc(0) + O(1), x ∈ Γ1,

i.e. S1
0µ̂

ε(ε·) ≈ const(ω, ε, ûinc(0))
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Why the model does not converge well (where the circular shape comes into play)

The Galerkin Foldy-Lax model

µ̂ε
G

∫∫
Γε×Γε

Gω(∥x − y∥)dΓydΓx = −
∫
Γε

ûinc(x)dΓx , Gω(r) =
i

4
H

(1)
0 (ωr).

Final result

If σ is s.t. S1
0σ = − 1

2π

∫
Γ1
log ∥x − y∥σ(y)dΓy = 1,

µ̂ε(εy) = ûinc(0)× ε−1

c1 + c2 log ε
σ(y) + o(ε−1 log−1 ε), y ∈ Γ1

The error: êε = êε0 + êε⊥, and êε⊥ = µ̂ε
⊥ ≈ Cµε

−1 log−1 ε× σ⊥(ε
−1·) + o(ε−1 log−1 ε)

Orthogonal component: ∥êε⊥∥H−1/2(Γε) = O(log−1 ε)

(the above is sharp, see Reichel ’97: for non-circular domains, σ⊥ ̸= 0)

Constant component: by a direct computation (with Galerkin Orthogonality):

µ̂ε
G − µ̂ε

0 = O(log−1 ε)× ⟨S0µ̂
ε
⊥, 1⟩ = O(ε−1 log−2 ε)L∞

∥µ̂ε
G − µ̂ε

0∥L2(Γε) = O(ε−1/2 log−2 ε) O(ε3/2) for many circles, 0 for 1 circle
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µ̂ε(εy) = ûinc(0)× ε−1

c1 + c2 log ε
σ(y) + o(ε−1 log−1 ε), y ∈ Γ1
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An alternative idea

Inspired by Challa, Sini 2013, Sini, Wang, Yao 2021

Exact density

µ̂ε(y) = ûinc(0)× ε−1

c1 + c2 log ε
σ(ε−1y) + o(ε−1 log−1 ε)L∞ , y ∈ Γε,

where σ ∈ L2(Γ1) is a unique solution to − 1
2π

∫
Γ1
log ∥x − y∥σ(y)dΓy = 1.

Galerkin space

Let σk be given by∫
Γ1
k

G0(x , y)σk(y) = 1, x ∈ Γ1
k , G0(∥x − y∥) = − 1

2π
log ∥x − y∥.

The Galerkin space is then Vε
G :=

∏N
k=1 span{σk(ε

−1y)}.

The Galerkin Foldy-Lax model

Find µε
G ∈ C ℓ(0,T ;RN), s.t.∫

Γε
k

gε
k (t, x)σk (εx)dΓx =

N∑
n=1

∫ t

0

(∫∫
Γε
k
×Γεn

G(t − τ, ∥x − y∥)σk (εx)σn(εy)dΓx dΓy

)
µε
G ,n(τ)dτ.
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k , G0(∥x − y∥) = − 1

2π
log ∥x − y∥.

The Galerkin space is then Vε
G :=

∏N
k=1 span{σk(ε

−1y)}.

The Galerkin Foldy-Lax model

Find µε
G ∈ C ℓ(0,T ;RN), s.t.∫

Γε
k

gε
k (t, x)σk (εx)dΓx =

N∑
n=1

∫ t

0

(∫∫
Γε
k
×Γεn

G(t − τ, ∥x − y∥)σk (εx)σn(εy)dΓx dΓy

)
µε
G ,n(τ)dτ.
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A brief summary

for circles, we construct the Galerkin Foldy-Lax model by taking Vε
G = Sε

0

(constants)

this idea fails for obstacles of other shapes

for more general obstacles, we suggest to take the span of the ’equilibrium
densities’:

− 1

2π

∫
Γk

log ∥x − y∥σk(y) = 1, x ∈ Γk .

I.e. Vε
G :=

∏N
k=1 span{σk(ε

−1y)}.
for circles, the equilibrium densities are constants1

analysis and numerics: for circles we observe O(ε2)-convergence of the
absolute error in the solution

What follows: outline of the error analysis for arbitrary Lipschitz domains (O(ε2)
convergence)

1And these are only C2,α-domains for which this is the case
27 / 32



A brief summary

for circles, we construct the Galerkin Foldy-Lax model by taking Vε
G = Sε

0

(constants)

this idea fails for obstacles of other shapes

for more general obstacles, we suggest to take the span of the ’equilibrium
densities’:

− 1

2π

∫
Γk

log ∥x − y∥σk(y) = 1, x ∈ Γk .

I.e. Vε
G :=

∏N
k=1 span{σk(ε

−1y)}.
for circles, the equilibrium densities are constants1

analysis and numerics: for circles we observe O(ε2)-convergence of the
absolute error in the solution

What follows: outline of the error analysis for arbitrary Lipschitz domains (O(ε2)
convergence)

1And these are only C2,α-domains for which this is the case
27 / 32



A brief summary

for circles, we construct the Galerkin Foldy-Lax model by taking Vε
G = Sε

0

(constants)

this idea fails for obstacles of other shapes

for more general obstacles, we suggest to take the span of the ’equilibrium
densities’:

− 1

2π

∫
Γk

log ∥x − y∥σk(y) = 1, x ∈ Γk .

I.e. Vε
G :=

∏N
k=1 span{σk(ε

−1y)}.

for circles, the equilibrium densities are constants1

analysis and numerics: for circles we observe O(ε2)-convergence of the
absolute error in the solution

What follows: outline of the error analysis for arbitrary Lipschitz domains (O(ε2)
convergence)

1And these are only C2,α-domains for which this is the case
27 / 32



A brief summary

for circles, we construct the Galerkin Foldy-Lax model by taking Vε
G = Sε

0

(constants)

this idea fails for obstacles of other shapes

for more general obstacles, we suggest to take the span of the ’equilibrium
densities’:

− 1

2π

∫
Γk

log ∥x − y∥σk(y) = 1, x ∈ Γk .

I.e. Vε
G :=

∏N
k=1 span{σk(ε

−1y)}.
for circles, the equilibrium densities are constants1

analysis and numerics: for circles we observe O(ε2)-convergence of the
absolute error in the solution

What follows: outline of the error analysis for arbitrary Lipschitz domains (O(ε2)
convergence)

1And these are only C2,α-domains for which this is the case
27 / 32



A brief summary

for circles, we construct the Galerkin Foldy-Lax model by taking Vε
G = Sε

0

(constants)

this idea fails for obstacles of other shapes

for more general obstacles, we suggest to take the span of the ’equilibrium
densities’:

− 1

2π

∫
Γk

log ∥x − y∥σk(y) = 1, x ∈ Γk .

I.e. Vε
G :=

∏N
k=1 span{σk(ε

−1y)}.
for circles, the equilibrium densities are constants1

analysis and numerics: for circles we observe O(ε2)-convergence of the
absolute error in the solution

What follows: outline of the error analysis for arbitrary Lipschitz domains (O(ε2)
convergence)

1And these are only C2,α-domains for which this is the case
27 / 32



A brief summary

for circles, we construct the Galerkin Foldy-Lax model by taking Vε
G = Sε

0

(constants)

this idea fails for obstacles of other shapes

for more general obstacles, we suggest to take the span of the ’equilibrium
densities’:

− 1

2π

∫
Γk

log ∥x − y∥σk(y) = 1, x ∈ Γk .

I.e. Vε
G :=

∏N
k=1 span{σk(ε

−1y)}.
for circles, the equilibrium densities are constants1

analysis and numerics: for circles we observe O(ε2)-convergence of the
absolute error in the solution

What follows: outline of the error analysis for arbitrary Lipschitz domains (O(ε2)
convergence)

1And these are only C2,α-domains for which this is the case
27 / 32



Error analysis

Remark: we do the analysis in the frequency domain, like before

Problem

Before we had

Hs(Γε) =

consts︷︸︸︷
Sε
0 +

⊥to consts︷ ︸︸ ︷
Hs

∗(Γ
ε) , s ∈ {−1/2, 0, 1/2},

the decomposition being orthogonal for s ∈ {0, 1/2}.
The convergence was achieved due to ∥P⊥S

ε
ωP0

∗∥ = O(ε3/2) (not true in our case)

A new decomposition

H−1/2(Γε) = Vε
G

·
+ H−1/2

∗ (Γε).

(holds because σk(ε
−1.) /∈ H

−1/2
∗ (Γε

k ))
This decomposition is not orthogonal, but direct. We have, for any v ∈ H−1/2(Γε):

v = vσ + vσ,⊥, vσ ∈ Vε
G , vσ,⊥ ∈ H−1/2

∗ (Γε).

Projectors: Q∗
σ : v 7→ vσ, Q∗

σ,⊥ : v 7→ vσ,⊥.

Some norm estimates, independent of ϵ

∥Q∗
σ∥ ≲ 1, ∥Q∗

σ,⊥∥ ≲ 1 moreover, P∗
0Q∗

σ = P∗
0
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A discussion of the new decomposition

Before

The convergence was achieved due to ∥P⊥S
ε
ωP∗

0∥ = O(ε3/2) (does not hold true for
arbitrarily shaped particles).

Our analysis follows the same lines as before, but uses both decompositions (the old and
the new one). The crucial property, which is a counterpart of the above is

Now

∥P⊥S
ε
ωQ∗

σ∥ ≤ C(ω)ε3/2 whenever |ωε| < const.

For 1 part., after the rescaling we obtain

Sε
ωσk(ε

−1·) = εS1
ωεσk , and S1

ωεσk ≈ S1
0σk + Cωε

∫
Γ1
σk + O(|ωε| log |ωε|)σk ≈ const

only if |ωε| is sufficiently small (thus ’orthogonal’ to H
−1/2
∗ -space).

Passage to the time-domain

Our estimates for the circles were uniform in frequency. Here we have convergence
estimates for |ωε| < 1/2 only. How do we pass to the time domain?
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Passage to the time domain

Main idea

Trade regularity for convergence by using the stability estimate

Density error: low frequencies

∥êε∥ ≲ ε(1 + |ω|)me max(1, (Imω)−ne )∥ûinc∥Hℓe , |ωε| < 1/2.

Density error: stability estimate

To obtain the error of the density for high frequencies, use the triangle inequality

êε = µ̂ε − µ̂ε
G =⇒ ∥êε∥ ≤ ∥µ̂ε∥+ ∥µ̂ε

G∥

and next a stability estimate (valid for any ω : Imω > 0)

∥êε∥ ≲ ε−1/2(1 + |ω|)ms max(1, (Imω)−ns )∥ûinc∥Hℓs

Density error: high frequencies

For |ωε| > 1/2, we have ε−1 < 2|ω|, thus
∥êε∥ ≲ ε× ε−1ε−1/2(1 + |ω|)ms max(1, (Imω)−ns )∥ûinc∥Hℓs

≲ ε× |ω|3/2(1 + |ω|)ms max(1, (Imω)−ns )∥ûinc∥Hℓs

Back in the time-domain, the powers of ω turn into derivatives =⇒ regularity
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Numerical results

Data

Scattering by many ellipses, the source

uinc(t, x) = e−20(t−d ·x−2)2 , measure the absolute error
on t ∈ (0, 8) at x = (0, 0)
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A list of open questions

high-order methods for arbitrary particles

particles close to each other

3D Maxwell

dispersive problems

32 / 32


