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Motivations

Imaging crustal and upper mantle structures:
recovering the parameters of the medium
from the dispersion curves of the surface waves.



Motivations

Imaging crustal and upper mantle structures:
recovering the parameters of the medium
from the dispersion curves of the surface waves.

Visual animations of surface waves [1]:

Love waves Rayleigh waves

[1] Source: Seismological Facility for the Advancement of Geoscience (https://www.iris.edu/hq/inclass/animation/seismic_wave_motions4_waves_animated)


https://www.iris.edu/hq/inclass/animation/seismic_wave_motions4_waves_animated
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Imaging crustal and upper mantle structures:
recovering the parameters of the medium
from the dispersion curves of the surface waves.
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Imaging crustal and upper mantle structures: P2,
recovering the parameters of the medium P31

from the dispersion curves of the surface waves.
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Figure from [BB-H96] (based on [Tho50] and [Hasb3]). vees

[BB-H96] Buchen & Ben-Hador. Free-mode surface-wave computations (1996). Geophys. J. Int.
[Tho50] Thomson. Transmission of elastic waves through a stratified solid medium (1950). J. Appl. Phys.
[Has53] Haskell. The dispersion of surface waves on multilayered media (1953). Bull. Seismol. Soc. Am.
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Derivation of the equation from the elastic wave equation in R x R? x [0, +00), w/o source term.

{ poru = div ‘r(u) on R x R? x [07 +OO) R (linear elastic wave equation)
(

u) -e3=0 atz=0. (stress-free (Neumann) BC)

e displacement vectors u(t,x,z) = (u1(t,x, z), u2(t,x, z), u3(t,x, z));
e mass density p(t, x, z);

o Cauchy stress tensor 7(u)
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Derivation of the €q uation from the elastic wave equation in R x R? x [0, +0), w/o source term.

pOru = divr(u) on R x R? x [0, 4+00), (linear elastic wave equation)

7(u)-e3=0 atz=0. (stress-free (Neumann) BC)

o displacement vectors u(t,x, z) = (u1(t,x, z), u2(t, x, ), u3(t, x, 2));
e mass density p(t,x, z);

e Cauchy stress tensor 7(u), given by Hookes' law 7(u) = Ce(u):

> stiffness tensor C(t,x, z);
> infinitesimal strain tensor e, given by the strain—displacement equation

Vu+ Vu' O U + Oy ik
=—— e eu=—""—"—F"-.

e(u) 5 >
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{pa“u = div(Ce(u)),

Derivation of the equation (Ce(u)) -es|,_, =0.

Assumptions

e symmetries Cjxe = Cjie = Crejj (standard, physical assumption).



{pa“u = div(Ce(u)),

Derivation of the equation (Ce(u)) -es|,_, =0.

Assumptions

o symmetries Cjxe = Cjike = Cuej. 0 x

e stratified, homogeneous in (x, y)-plane, time-independent medium. o1, C1

p2, Co
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{paﬁu = div(Ce(u)),

Derivation of the equation (Ce(u)) -es|,_, =0.

Assumptions

(] symmetries C,'J'ke = Cj,'ke = Ckz,'j.

0 X
e stratified, homogeneous in (x, y)-plane, time-independent medium. o1, C1
= p = p(z),C = C(z) and the i-th component reads 2. G
p3, C3

3 2 2
powu; = ) | 0:Ciz3e@z + ) Cyaedn@z + ), 0z Ciakeds, +
=1 i—1

2
CijkeOx; Ox | e
j k=1 jk=1

Pn—1, Cp—1

pn, Cn

pao. Coo




{paﬁu = div(Ce(u)),

Derivation of the equation (Ce(u)) -es|,_, =0.

Assumptions

(] symmetries C,'J'ke = Cj,'ke = Ckz,'j.

0 X
e stratified, homogeneous in (x, y)-plane, time-independent medium. p1, A1, 1
e isotropic media: Cjxe = )\5{:6f +u (5f6f + 5,-26;() P2, A2y p2
with A = A(z) and p = p(z) the Lamé parameters. P3. A3, 13

Pn—1, An—1, Bn—1

Pny Ans Hn

Pos Ao Moo
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Derivation of the equation

{p(’)ttu = div(Ce(u)),
Assumptions

(Ce(u)) - e3‘1:0 =0.

o symmetries Cjxe = Gjike = Ciajj- 0 «
e stratified, homogeneous in (x, y)-plane, time-independent medium. 01, AL, 1
« isotropic media: Cixe = A&3f + pu (8/5F + 5/5F). P2 N2s 2

p3, A3, 13

Defining the (t, x)-Fourier transform

0i(z) = 0(&, z,w) 1= §p §, ui(x, z, t)e“ e dt dx

. 1 An—1s B
Then, pdwu = div(Ce(u)) reads Pn—t: Zn—1: Hn—1
A+ )& + pl€? — (Pzp02 + pw?) A+ p&& —i (N0; + 0zp1) &1 o 0\ P Ans Hn
A+ wat A+ )& + pl€l® — (0pdz + pu?) =i (A0: + 0.p) & b |=|0
—i (uds + 0:\) &1 —i (10z + 2:\) &2 HlEP — (2= (A +2u) 0 + pw?) ) \ 83 o/
Paoy Aoo s Koo

and (Ce(u)) ~e3|z:0 = 0 reads
i£103(0) + 0.0:(0) =0,
i§2ﬁ3(0) + 6Zﬁ2(0) =0,
iA(0) (£201(0) + £202(0)) + (A(0) + 24(0)) 62d13(0) = 0.
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Derivation of the equation

{p(’)ttu = div(Ce(u)),
Assumptions

(Ce(u)) - e3‘1:0 =0.

o symmetries Cjxe = Gjike = Ciajj-

0 x
e stratified, homogeneous in (x, y)-plane, time-independent medium. 01, AL, 1
« isotropic media: Cixe = A&3f + pu (8/5F + 5/5F). P2 N2s 2

p3, A3, 13

Defining the (t, x)-Fourier transform

0i(2)

0i(€, z,w) i= §po §p ui(x, 2, t) e e®* dt dx

and (¢1, ¢2, ¢3)" 1= P(&)(0n, iz, 03)7, with pee) = (gfﬁgl él{)\/‘é‘ 3)

. 1 An—1s B
Then, pdwu = div(Ce(u)) reads Pn—t: Zn—1: Hn—1
A+ )& + pl€? — (Pzp02 + pw?) A+ p&& —i (N0; + 0zp1) &1 o 0\ P Ans Hn
A+ wat A+ )& + pl€l® — (0pdz + pu?) =i (A0: + 0.p) & b |=|0
—i (uds + 0:\) &1 —i (10z + 2:\) &2 HlEP — (2= (A +2u) 0 + pw?) ) \ 83 o/
Paoy Aoo s Koo

and (Ce(u)) ~e3|z:0 = 0 reads
i£103(0) + 0.0:(0) =0,
i§2ﬁ3(0) + 6Zﬁ2(0) =0,
iA(0) (£201(0) + £202(0)) + (A(0) + 24(0)) 62d13(0) = 0.
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Derivation of the equation

{p(]’ﬁu = div(Ce(u)),
Assumptions

(Ce(u)) ~e3‘1:0 =0.

o symmetries Cjxe = Gjike = Ciajj-

0 x
e stratified, homogeneous in (x, y)-plane, time-independent medium. 01, AL, 1
« isotropic media: Cixe = A&3f + pu (8/5F + 5/5F). P2 N2s 2

p3, A3, 13

Defining the (t, x)-Fourier transform

0i(2)

0i(€, z,w) i= §po §p ui(x, 2, t) e e®* dt dx

A A A . &/1€| —&1/1€| 0
and (b1, d2, ¢3)" = P(&)(iin, ba, 03)7, with pee) = (5?{)\& 521{]\5 g)

. 1 An—1s B
Then, pdwu = div(Ce(u)) reads Pn—t: Zn—1: Hn—1
—0:10; + pl€)? — pu? 0 0 P 0 Pni Ans Hn
0 —0z10; + (X + 2u) €] — pu? —i[€] (A0z + Ozp1) @ |=10
0 —i|€] (1o + 0:X) —0:(\ +2u)0; + pl€]? — pw?) \¢s 0
Paoy Aoo s Koo

and (Ce(u)) ve3|z:0 = 0 reads
0241(0) =0,
i1€]#3(0) + 82¢2(0) =0,
iA(0)[€]#2(0) + (A(0) + 2(0)) 9:¢3(0) = 0.
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Love waves: definition (in our context)

0 X
. . _o 2 X
n + 1 layers with constant shear modulus i > 0 and density p > 0. H =0 1) i1
e —
H3 ] 2, K2
p3, 13
Hy —————
Hpyp ———
"t Pr—1, fin—1
Hypy ————
Pny Mn
Hpt1 —
Pooy Moo
z
(Hoo := +0)



Love waves: definition (in our context)

0 X
. . Hi=0 —f—«—»
n + 1 layers with constant shear modulus & > 0 and density p > 0. 1 o1
Hy — 4
A Love wave exists at (w, k) = 3¢ = ¢k € L*((0,+00))\{0} s.t. Hz | P2
P3. M3
Hy —f———
’ 2 2, 2
— (n¢') = pw (ﬂ/u— K Jw ) ¢, on[0,+0),
¢ € C([O7 +<XD)) 5 (continuity of displacement)
'LL¢1 € C([O, +w)) with ¢, (0) =0. (continuity of shear and normal stress components) "
T Pn—1r Hn—1
Hy —fp———
Pni Kn
Hpp1 —
Poor Koo
z
(Hop := +0)
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Love waves: definition (in our context)

0 X
n + 1 layers with constant shear modulus & > 0 and density p > 0. M =0—] P
A Love wave exists at (w, k) = 3¢ = ¢k € L*((0,+00))\{0} s.t. :j _|pm
P3: K3
H, —
— (n¢') = pw’ (p/u — k2/w2) ¢, on [0, +0), )
¢ € C([0, +0))
pe' € C([0, +0)) with ¢'(0) = 0. ;
NZI T Pn—1) Mn—1
Defining v; = vj(w, k) 1= wq/k?/w? — Cj*2 (with Imv; < 0), where ’ Pn. n
Gj := +/14j/p;j, then on each layer ¢ is either affine or of the form 1 —
Ajy+€+yjz + Ajyiefujz. P, Koo
z
(Hop := +0)
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Love waves: definition (in our context)

0 X
n + 1 layers with constant shear modulus ;& > 0 and density p > 0. =0 —] P
. _ _ ) Hy —
A Love wave exists at (w, k) = 3¢ = ¢k € L((0, +0))\{0} s.t. Hy —| Z Zz
Hy —

_ (Nqb’)’ _ uwQ (p/M - k2/w2) ¢, on[0,4+0), k/w>1/Cy,
¢ € C([0,+0)) with I+|rorg =0,

pe' € C([0, +0)) with ¢'(0) = 0.

Hyp1 ———
P Pn—1: Hn—1

Defining v; = vj(w, k) 1= wq/k?/w? — Cj*2 (with Imv; < 0), where ’ Pn. n

Hpy1 —
Gj := +/14j/p;j, then on each layer ¢ is either affine or of the form i
AiretiZ 4 A _e V% Thus, ¢ € L2((0,+0)) = vy > 0, ie., P Hoo
k/jw>1/Cx 20, and Ap,y =0 = Imgqb =0.

z
(Hop := +0)
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Love waves: characterization

Assuming for simplicity that (w, k) is s.t. vj # 0, if ¢ = ¢,k exists, then

204 cosh[viz], if 0<z< H,,
6(2) = { e + et it Hj<z<H, Yjel2n],
an+1e_y"+lz7 if Hpp1 <z<+00.
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Love waves: characterization

Assuming for simplicity that (w, k) is s.t. vj # 0, if ¢ = ¢,k exists, then

2a; cosh(viz], if 0<z< H,,
#(z) = { e F 4 BietiF if  Hi<z<Hiy1, VYje[2,n],
an+leil’"+lz’ if Hn+]_ <z< 4+

The 2n continuity conditions (on ¢ and @) at the boundaries {H;}2<j<n+1 yield
2a cosh[viHs] = ﬁ2e+”2"’2 T e 2
2,LL1V1CM1 Sinh[VlHQ] = Ul (ﬁ28+y2H2 _ CM2eiV2H2) ,
Biret it 4 et = gietitl et Vje[3,n],
Hi—1bi—1 (51—16“1'*1”/ - aj—le_""*lHj) = Wiy (ﬂje+”iHj - a,-e‘"fo) . VYje[3,n],

+vpH, —vpH, —v, H
Bne nfn41 +Oéne nfln+1 an+le n+1 n+1,

+vpH, —vpH, —v, H,
HnVn (ﬁne nfp+1 ape n n+1) — _Mn+ll/n+10¢n+le n+1Mn+1 .
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Love waves: characterization

Assuming for simplicity that (w, k) is s.t. vj # 0, if ¢ = ¢,k exists, then

2a; cosh(viz], if 0<z< H,,
#(z) = { e F 4 BietiF if  Hi<z<Hiy1, VYje[2,n],
an+leiy"+lz’ if Hn+]_ <z< 4+

The 2n continuity conditions (on ¢ and @) at the boundaries {H;}2<j<n+1 yield
2a cosh[viHs] = ﬂ2e+”2"’2 T e 2
2#11/1&1 Sinh[lleQ] = Ul (ﬁ2e+v2H2 _ CM267V2H2) ,
Biret it 4 et = gietitl et Vje[3,n],
Hi—1bi—1 (51—16“"*1”/ - Oéj—le_ujilHj) = Wiy (ﬂje+”iHj - a,-e‘"fo) . VYje[3,n],

+vpH, —vpH, —v, H
ﬁne nfn41 +ozne nfln+1 an+le n+1 n+1,

+vpH, —vpH, —v, H,
HUnVn (Bne nintl ape " "+1) = —WUn+1Vn+10n4+1€ nH1fntl

A Love wave exists if there exists a non-zero solution (a1, 81, a2, B2, ..., Qnt1, Bnt1)-
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Love waves: characterization " :

0 L Rs 0>
le., if Dy i=detM, =0, for My:= | : @, . . g,
(0)2 Ln—l 'Rn 0

0 0, 0, 0 L, R,’1+1
—vpy1Hp
where L] :=2 ( cosh[v1 o] ), Rl = ( e ), and

i — H,
Hivi S|nh[1/1H2] +Nn+1Vn+1e Yn+1Mn+1
L +e_VjHJ'+1 +e+”jHj+1
j = —MjVje_yjHj+1 +,Ujl/je+ujHj+1 )

P>
vi=2 _e vt _etuit
R; = U H -
P e et
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Love waves: characterization :

0 L R " O
le., if Dyi=detM,=0,forM,:= | 1 @, . . g,

: (02 Ln_1 .Rn O
0 0, 0, "0 L, Rhy,

ro._ COSh[VlHQ] / L _e*Vn+1Hn+1
where L := 2 (“11’1 sinh[v1H:] )" Rnta = +fing1Vny1e Pttt ) and

+e Yt +etviHi+
. L= (_ijje_"/Hj+1 +Hj1/je+”j"’i+1) J
v" = 27 _erjHj _e+1/jHj
Ri= (+MJV16_”"H" _MJVJe+DjHj) ‘

Why working with this big, complicated matrix instead of using the transfer matrix
method (=propagator matrix method)?

Julien Ricaud Inverse problem for Love waves ASP 2023, Nov. 20-24



Motivations Derivation Characterization of Love waves Recovering medium'’s parameters
[e] oo} [e]e] lo]e} 0000

. . Li R O, O O 0
Love waves: characterization :

0 L R " O
le., if Dyi=detM,=0,forM,:= | 1 @, . . g,
©2 Lnfl .Rn O

0 0, 0, "0 L, Rhy,

ro._ COSh[VlHQ] / L _e*Vn+1Hn+1
where L := 2 (“11’1 sinh[v1H:] )" Rnta = +fing1Vny1e Pttt ) and

+e Yt +etviHi+
. L= (_ijje_"/Hj+1 +Hj1/je+”j"’i+1) J
v‘l = 27 _erjHj _e+1/jHj
Ri= (+MJV16_”"H" _MJVJe+DjHj) ‘

Why working with this big, complicated matrix instead of using the transfer matrix
method (=propagator matrix method)?
L» We read from it that there is at most one solution
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Love waves: characterization :

0 L R " O
le., if Dyi=detM,=0,forM,:= | 1 @, . . g,
© . Lo Re O

0 0, 0, "0 L, Rhy,

ro._ COSh[VlHQ] / L _e*Vn+1Hn+1
where L := 2 (“11’1 sinh[v1H:] )" Rnta = +fing1Vny1e Pttt ) and

+e Yt +etviHi+
. L= (_Myje—”/”jﬂ +,uj1/je+”fH/“) ’
v‘l = 27 _erjHj _e+1/jHj
Ri= (+MJV16_"fo —MJVJG+""Hj) ‘

Why working with this big, complicated matrix instead of using the transfer matrix
method (=propagator matrix method)?

L, We read from it that there is at most one solution: the submatrix M, where the
first row and the last column are removed, is block (upper) triangular with diagonal

blocks 21121 sinh[v1H,] and the L;'s, hence det M, = 2"sinh[v1Ha] [ ], pj2; # 0.
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Love waves: characterization :

0 L R " O
le., if Dyi=detM,=0,forM,:= | 1 @, . . g,
© . Lo Re O

0 0, 0, "0 L, Rhy,

ro._ COSh[VlHQ] / L _e*Vn+1Hn+1
where L := 2 (“11’1 sinh[v1H:] )" Rnta = +fing1Vny1e Pttt ) and

+e Yt +etviHi+
. L= (_Myje—”/”jﬂ +,uj1/je+”fH/“) ’
v‘l = 27 _erjHj _e+1/jHj
Ri= (+MJV16_"fo —MJVJG+""Hj) ‘

Why working with this big, complicated matrix instead of using the transfer matrix
method (=propagator matrix method)?

L, We read from it that there is at most one solution: the submatrix M, where the
first row and the last column are removed, is block (upper) triangular with diagonal
blocks 24111 sinh[v1 Ha] and the Lj's, hence det M, = 2" sinh[v1 Hs] [T, mjyy #0.

J
(It also holds if some v;'s are zero.)
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Love waves: dispersion relation

Proposition: dispersion relation

Let ne N\{0} and T; := Hj41 — H;, j € [1,n+ 1], be the layers’ thickness. Then,

fo(w, k) := prooVeo (w, k) Pn(w, k) + Qn(w, k) =0,

3 Love wave at (w, k) <
k ?é W/Coo 5

where the P,'s and Q,'s are defined recursively by P, = 1, Qo = 0, and

(g:) = My (g::) for all me [1,n] ,

e W Tal sl T ()
cosh|[vm T sinh[vm Tm|/(EmVm .
(,umym sinh[vm Thm] cosh[Vm Tm] ) ifvm 70,
1 To/tim . _
<0 1 > if vm =0.

"k # w/Ce" can be replaced by “w/Co < k < w/Cy" (Co := minpg 40y C), because the solutions to
fo(w, k) =0 ares.t. k € [w/Cop,w/Co).
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Love waves: numerics

T e : ' (@ + 1)-layers

.
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Properties of the branches of k's

Definition—Lemma

Let n > 1. For any fixed w > 0, let the k;(w)'s be the decreasingly ordered values
k € R\{w/Cx} for which (w, k) solves the dispersion relation f,(w, k) = 0, i.e., a
Love wave exists. Then, k; € (w/Cx,w/Co) and f, is real-valued on (0,+0) x
[w/Cop,w/ ).

k(w)/ w

0.0010 1/C4

0.0008

1/Ca
0.0006|
0.0004

1/Cs

0.0002

1/Cs

0.00000‘ w

500 1000 ) 1500
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Properties of the branches of k's

Let n > 1. For any ¢, there exists wy = 0 s.t.

(we, +00) = (1/Co, 1/ Go)
w — ke(w)/w

is analytic, bijective, increasing.
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Properties of the branches of k's

Let n > 1. For any ¢, there exists wy = 0 s.t.

(we, +00) = (1/Cw, 1/ Go)

w > ke(w)/w

is analytic, bijective, increasing.

= Cyx and G := min; G; are the inverse of the upper and lower limit values.
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Properties of the branches of k's

Let n > 1. For any ¢, there exists wy = 0 s.t.

(we, +00) = (1/Cw, 1/ Go)

w > ke(w)/w

is analytic, bijective, increasing.

Idea of proof:

e w fixed: k¢(w)'s in finite number, hence isolated.Uses the simplicity of the Love
waves and complex analysis (ldentity theorem).
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Properties of the branches of k's

Let n > 1. For any ¢, there exists wy = 0 s.t.

(we, +0) = (1/C0,1/Co)

w > ke(w)/w

is analytic, bijective, increasing.

Idea of proof:
e w fixed: k¢(w)'s in finite number, hence isolated.

e Branches w — (k¢(w), ¢¢(w)) exist on an open interval, with ke and ¢, analytic.
Uses by analytic perturbation theory (Kato—Rellich theorem), relying on the
simplicity and isolation.
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Properties of the branches of k's

Let n > 1. For any ¢, there exists wy = 0 s.t.

(we, +00) = (1/Cw, 1/ Go)
w > ke(w)/w

is analytic, bijective, increasing.

Idea of proof:
e w fixed: k¢(w)'s in finite number, hence isolated.
e Branches w — (k¢(w), ¢¢(w)) exist on an open interval, with ke and ¢, analytic.

e Increasing: direct computation. Since w — k¢(w)/w is differentiable.
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Weyl's law

Definition: number of branches k¢(w)/w above or equal to y

Let n>1, w>0and y € (1/Cy,1/C). Define

N(w,y) :=#{€>1 : M;y}

w
with ke(w) = —o0 if k¢ is undefined at w.
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[e] oo} 00000 ooeo

Weyl's law

Definition: number of branches k¢(w)/w above or equal to y

Let n>1, w>0and y € (1/Cy,1/C). Define

N(w, y) :=#{€>1 : M Zy} =max{£>1 g ke(w) >y > k“'l(w)},
w w w
with ke(w) = —o0 if k¢ is undefined at w.
ke(w)

Note: w +— N(w,y) is nondecreasing for y € (1/Cs, 1/Co) —monotonicity of .

w
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Weyl's law

e T = _ viwwy) —2
Define 7; = 7j(y) .=%=4/y2—Cj .

(n=1) Fory € [1/Cx,1/G), N(w,y) ~ £|i1(y)|T1 as w — +o0.
(n=2) Fory€[1/Cy,1/G), as w — 40,

N(w,y) ~ Z1o)I T, ity € [1/G2,1/G),
w ~ ~ . =
New.y) ~ = (I T+ W T) . iy e[1/Co,1/G).
(n=3) Forye[1/G,1/G), N(w,y) ~ £|o1(y)| T1 as w — +o0. )
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[e] 00000 [e]e]e] )

Weyl's law

L ywwy) 2
Define 7; = 7j(y) .=J“;7y=4/y2—Cj .

(n=1) Fory € [1/Cx,1/G), N(w,y) ~ £|i1(y)|T1 as w — +o0.
(n=2) Fory€[1/Cy,1/G), as w — 40,

N(w,y) ~ Z1o)I T, ify € [1/G,1/Co),
Nwy) ~ 2 (I + 10 T2), iy e(1/Co,1/E).

(n=3) Forye[1/G,1/G), N(w,y) ~ £|o1(y)| T1 as w — +o0.

.

Conjecture for n > 3

For y € [1/Cx,1/G), as w — +00,

w
™

J
Z W) Tp,  ifye[1/Gr1,1/G).

\
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Weyl's law

e T = _ viwwy) —2
Define 7; = 7j(y) .=%=4/y2—Cj .

(n=1) Fory € [1/Cx,1/G), N(w,y) ~ £|i1(y)|T1 as w — +o0.
(n=2) Fory€[1/Cy,1/G), as w — 40,

N(w,y) ~ Z1o)I T, ity € [1/6,1/G),

Nwy) ~ 2 (I + 10 T2), iy e(1/Co,1/E).

(n=3) Forye[1/G,1/G), N(w,y) ~ £|o1(y)| T1 as w — +o0.

Recovering parameters:

e The “lines of accumulation” of branches are the 1/C; = 1/pj/p;.
Hence we also know the functions ;.

e The asymptotics give the thickness Tj;.
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Thank you for your attention!
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Rayleigh waves

2 + 1-layers.
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