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Motivations

Imaging crustal and upper mantle structures:
recovering the parameters of the medium
from the dispersion curves of the surface waves.
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Motivations

Imaging crustal and upper mantle structures:
recovering the parameters of the medium
from the dispersion curves of the surface waves.

Visual animations of surface waves [1]:

Love waves Rayleigh waves

[1] Source: Seismological Facility for the Advancement of Geoscience (https://www.iris.edu/hq/inclass/animation/seismic wave motions4 waves animated)
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Imaging crustal and upper mantle structures:
recovering the parameters of the medium
from the dispersion curves of the surface waves.
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Motivations

Imaging crustal and upper mantle structures:
recovering the parameters of the medium
from the dispersion curves of the surface waves.

Figure from [BB-H96] (based on [Tho50] and [Has53]).

x :“ px1, x2q

z :“ x3
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[BB-H96] Buchen & Ben-Hador. Free-mode surface-wave computations (1996). Geophys. J. Int.
[Tho50] Thomson. Transmission of elastic waves through a stratified solid medium (1950). J. Appl. Phys.
[Has53] Haskell. The dispersion of surface waves on multilayered media (1953). Bull. Seismol. Soc. Am.

Julien Ricaud Inverse problem for Love waves ASP 2023, Nov. 20–24 1



Motivations Derivation Characterization of Love waves Recovering medium’s parameters

Derivation of the equation from the elastic wave equation in R ˆ R2
ˆ r0, `8q, w/o source term.

#

ρBttu “ div τ puq on R ˆ R2
ˆ r0,`8q , (linear elastic wave equation)

τ puq ¨ e3 “ 0 at z “ 0 . (stress-free (Neumann) BC)

‚ displacement vectors upt, x, zq “ pu1pt, x, zq, u2pt, x, zq, u3pt, x, zqq;

‚ mass density ρpt, x, zq;

‚ Cauchy stress tensor τ puq
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Derivation of the equation from the elastic wave equation in R ˆ R2
ˆ r0, `8q, w/o source term.

#

ρBttu “ div τ puq on R ˆ R2
ˆ r0,`8q , (linear elastic wave equation)

τ puq ¨ e3 “ 0 at z “ 0 . (stress-free (Neumann) BC)

‚ displacement vectors upt, x, zq “ pu1pt, x, zq, u2pt, x, zq, u3pt, x, zqq;

‚ mass density ρpt, x, zq;

‚ Cauchy stress tensor τ puq, given by Hookes’ law τ puq “ Cεpuq:
§ stiffness tensor Cpt, x, zq;
§ infinitesimal strain tensor ε, given by the strain–displacement equation

εpuq “
∇u ` ∇uT

2
ô εkℓpuq “

Bxk uℓ ` Bxℓuk

2
.
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Derivation of the equation
#

ρBttu “ divpCεpuqq ,

pCεpuqq ¨ e3
ˇ

ˇ

z“0
“ 0 .

Assumptions

‚ symmetries Cijkℓ “ Cjikℓ “ Ckℓij (standard, physical assumption).

‚ stratified, homogeneous in px , yq-plane, time-independent medium.

and pϕ1, ϕ2, ϕ3q
T :“ Ppξqpû1, û2, û3q

T, with Ppξq :“

¨

˝

ξ2{|ξ| ´ξ1{|ξ| 0
ξ1{|ξ| ξ2{|ξ| 0

0 0 1

˛

‚

x

z

0

ρ1,

ρ2,

ρ3,

...

ρn´1,

ρn ,

ρ8,
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Derivation of the equation
#

ρBttu “ divpCεpuqq ,

pCεpuqq ¨ e3
ˇ

ˇ

z“0
“ 0 .

Assumptions

‚ symmetries Cijkℓ “ Cjikℓ “ Ckℓij .

‚ stratified, homogeneous in px , yq-plane, time-independent medium.
ñ ρ ” ρpzq,C ” Cpzq and the i-th component reads

ρBttui “

3
ÿ

ℓ“1

»

–BzCi33ℓBz `

2
ÿ

j“1

Cij3ℓBxj
Bz `

2
ÿ

k“1

BzCi3kℓBxk
`

2
ÿ

j,k“1

CijkℓBxj
Bxk

fi

fl uℓ ,

and pϕ1, ϕ2, ϕ3q
T :“ Ppξqpû1, û2, û3q

T, with Ppξq :“

¨

˝
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ξ1{|ξ| ξ2{|ξ| 0
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˛
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0

ρ1, C1

ρ2, C2

ρ3, C3

...

ρn´1, Cn´1

ρn , Cn
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Derivation of the equation
#

ρBttu “ divpCεpuqq ,

pCεpuqq ¨ e3
ˇ

ˇ

z“0
“ 0 .

Assumptions

‚ symmetries Cijkℓ “ Cjikℓ “ Ckℓij .

‚ stratified, homogeneous in px , yq-plane, time-independent medium.

‚ isotropic media: Cijkℓ “ λδji δ
ℓ
k ` µ

`

δki δ
ℓ
j ` δℓi δ

k
j

˘

with λ ” λpzq and µ ” µpzq the Lamé parameters.

and pϕ1, ϕ2, ϕ3q
T :“ Ppξqpû1, û2, û3q

T, with Ppξq :“

¨

˝

ξ2{|ξ| ´ξ1{|ξ| 0
ξ1{|ξ| ξ2{|ξ| 0

0 0 1

˛

‚

x

z

0

ρ1, λ1, µ1

ρ2, λ2, µ2

ρ3, λ3, µ3

...

ρn´1, λn´1, µn´1

ρn , λn, µn

ρ8, λ8, µ8
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Derivation of the equation
#

ρBttu “ divpCεpuqq ,

pCεpuqq ¨ e3
ˇ

ˇ

z“0
“ 0 .

Assumptions

‚ symmetries Cijkℓ “ Cjikℓ “ Ckℓij .

‚ stratified, homogeneous in px , yq-plane, time-independent medium.

‚ isotropic media: Cijkℓ “ λδji δ
ℓ
k ` µ

`

δki δ
ℓ
j ` δℓi δ

k
j

˘

.

Defining the pt, xq-Fourier transform

ûi pzq ” ûi pξ, z , ωq :“
ş

R2

ş

R ui px, z , tqe iωte iξ¨x dt dx

and pϕ1, ϕ2, ϕ3q
T :“ Ppξqpû1, û2, û3q

T, with Ppξq :“

¨

˝

ξ2{|ξ| ´ξ1{|ξ| 0
ξ1{|ξ| ξ2{|ξ| 0

0 0 1

˛

‚

Then, ρBttu “ divpCεpuqq reads
¨

˝

pλ ` µqξ21 ` µ|ξ|
2

´
`

BzµBz ` ρω2
˘

pλ ` µqξ1ξ2 ´i pλBz ` Bzµq ξ1
pλ ` µqξ1ξ2 pλ ` µqξ22 ` µ|ξ|

2
´

`

BzµBz ` ρω2
˘

´i pλBz ` Bzµq ξ2
´i pµBz ` Bzλq ξ1 ´i pµBz ` Bzλq ξ2 µ|ξ|

2
´

`

Bz pλ ` 2µq Bz ` ρω2
˘

˛

‚

¨

˝

û1
û2
û3

˛

‚“

¨

˝

0
0
0

˛

‚

and pCεpuqq ¨ e3
ˇ

ˇ

z“0
“ 0 reads

$

’

&

’

%

iξ1û3p0q ` Bz û1p0q “ 0 ,

iξ2û3p0q ` Bz û2p0q “ 0 ,

iλp0q pξ1û1p0q ` ξ2û2p0qq ` pλp0q ` 2µp0qq Bz û3p0q “ 0 .

x

z

0

ρ1, λ1, µ1

ρ2, λ2, µ2

ρ3, λ3, µ3

...

ρn´1, λn´1, µn´1

ρn , λn, µn

ρ8, λ8, µ8
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‚ stratified, homogeneous in px , yq-plane, time-independent medium.
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k ` µ

`
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Defining the pt, xq-Fourier transform
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˝

´BzµBz ` µ|ξ|
2

´ ρω2 0 0
0 ´BzµBz ` pλ ` 2µq|ξ|

2
´ ρω2

´i|ξ| pλBz ` Bzµq

0 ´i|ξ| pµBz ` Bzλq ´Bzpλ ` 2µqBz ` µ|ξ|
2

´ ρω2

˛

‚

¨

˝

ϕ1

ϕ2

ϕ3

˛

‚“

¨

˝

0
0
0

˛

‚

and pCεpuqq ¨ e3
ˇ

ˇ

z“0
“ 0 reads

$

’

&

’

%

Bzϕ1p0q “ 0 ,

i|ξ|ϕ3p0q ` Bzϕ2p0q “ 0 ,

iλp0q|ξ|ϕ2p0q ` pλp0q ` 2µp0qq Bzϕ3p0q “ 0 .

x

z

0

ρ1, λ1, µ1

ρ2, λ2, µ2

ρ3, λ3, µ3

...

ρn´1, λn´1, µn´1

ρn , λn, µn

ρ8, λ8, µ8
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Love waves: definition (in our context)

n ` 1 layers with constant shear modulus µ ą 0 and density ρ ą 0.
x

z

(H8 :“ `8)

0
H1 “ 0

H2

H3

H4

Hn`1

Hn

Hn`1

ρ1, µ1

ρ2, µ2

ρ3, µ3

...

ρn´1, µn´1

ρn , µn

ρ8, µ8
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Love waves: definition (in our context)

n ` 1 layers with constant shear modulus µ ą 0 and density ρ ą 0.

A Love wave exists at pω, kq :ô Dϕ ” ϕω,k P L2
pp0,`8qqzt0u s.t.

$

’

’

’

&

’

’

’

%

´
`

µϕ1
˘1

“ µω2
´

ρ{µ ´ k2
{ω2

¯

ϕ , on r0,`8q ,

k{ω ą 1{C8 ,

ϕ P Cpr0,`8qq , (continuity of displacement)

with lim
`8

ϕ “ 0 ,

µϕ1
P Cpr0,`8qq with ϕ1

p0q “ 0 . (continuity of shear and normal stress components)

x

z

(H8 :“ `8)

0
H1 “ 0

H2

H3

H4

Hn`1

Hn

Hn`1

ρ1, µ1

ρ2, µ2

ρ3, µ3

...

ρn´1, µn´1

ρn , µn

ρ8, µ8
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Love waves: definition (in our context)

n ` 1 layers with constant shear modulus µ ą 0 and density ρ ą 0.
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’
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k{ω ą 1{C8 ,

ϕ P Cpr0,`8qq

with lim
`8

ϕ “ 0 ,

µϕ1
P Cpr0,`8qq with ϕ1

p0q “ 0 .

Defining νj ” νjpω, kq :“ ω
b

k2{ω2 ´ C´2
j (with Im νj ď 0), where

Cj :“
a

µj{ρj , then on each layer ϕ is either affine or of the form
Aj,`e`νj z ` Aj,´e´νj z .

x

z

(H8 :“ `8)

0
H1 “ 0

H2

H3

H4

Hn`1

Hn

Hn`1

ρ1, µ1

ρ2, µ2

ρ3, µ3

...

ρn´1, µn´1

ρn , µn

ρ8, µ8
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b
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j (with Im νj ď 0), where

Cj :“
a

µj{ρj , then on each layer ϕ is either affine or of the form
Aj,`e`νj z ` Aj,´e´νj z . Thus, ϕ P L2

pp0,`8qq ñ ν8 ą 0, i.e.,
k{ω ą 1{C8 ě 0, and A8,` “ 0 ñ lim

`8
ϕ “ 0.

x

z

(H8 :“ `8)

0
H1 “ 0

H2

H3

H4

Hn`1

Hn

Hn`1

ρ1, µ1

ρ2, µ2

ρ3, µ3

...
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Love waves: characterization

Assuming for simplicity that pω, kq is s.t. νj ‰ 0, if ϕ ” ϕω,k exists, then

ϕpzq “

$

’

&

’

%

2α1 coshrν1zs ,

αje
´νj z ` βje

`νj z ,

αn`1e
´νn`1z ,

if 0 ď z ă H2 ,

if Hj ď z ă Hj`1 , @ j P J2, nK ,
if Hn`1 ď z ă `8 .

The 2n continuity conditions (on ϕ and µϕ1) at the boundaries tHju2ďjďn`1 yield

$

’

’

’

’

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

’

’

’

’

%

2α1 coshrν1H2s “ β2e
`ν2H2 ` α2e

´ν2H2 ,

2µ1ν1α1 sinhrν1H2s “ µ2ν2
´

β2e
`ν2H2 ´ α2e

´ν2H2

¯

,

βj´1e
`νj´1Hj ` αj´1e

´νj´1Hj “ βje
`νjHj ` αje

´νjHj , @ j P J3, nK ,

µj´1νj´1

´

βj´1e
`νj´1Hj ´ αj´1e

´νj´1Hj

¯

“ µjνj
´

βje
`νjHj ´ αje

´νjHj

¯

, @ j P J3, nK ,

βne
`νnHn`1 ` αne

´νnHn`1 “ αn`1e
´νn`1Hn`1 ,

µnνn
´

βne
`νnHn`1 ´ αne

´νnHn`1

¯

“ ´µn`1νn`1αn`1e
´νn`1Hn`1 .

A Love wave exists if there exists a non-zero solution pα1, β1, α2, β2, . . . , αn`1, βn`1q.
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Love waves: characterization

Assuming for simplicity that pω, kq is s.t. νj ‰ 0, if ϕ ” ϕω,k exists, then

ϕpzq “

$

’

&

’

%

2α1 coshrν1zs ,

αje
´νj z ` βje

`νj z ,

αn`1e
´νn`1z ,

if 0 ď z ă H2 ,

if Hj ď z ă Hj`1 , @ j P J2, nK ,
if Hn`1 ď z ă `8 .
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$

’

’

’

’

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

’

’

’

’

%

2α1 coshrν1H2s “ β2e
`ν2H2 ` α2e

´ν2H2 ,

2µ1ν1α1 sinhrν1H2s “ µ2ν2
´

β2e
`ν2H2 ´ α2e

´ν2H2

¯

,

βj´1e
`νj´1Hj ` αj´1e

´νj´1Hj “ βje
`νjHj ` αje

´νjHj , @ j P J3, nK ,

µj´1νj´1

´

βj´1e
`νj´1Hj ´ αj´1e

´νj´1Hj

¯

“ µjνj
´

βje
`νjHj ´ αje

´νjHj

¯

, @ j P J3, nK ,

βne
`νnHn`1 ` αne

´νnHn`1 “ αn`1e
´νn`1Hn`1 ,
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´

βne
`νnHn`1 ´ αne

´νnHn`1

¯

“ ´µn`1νn`1αn`1e
´νn`1Hn`1 .

A Love wave exists if there exists a non-zero solution pα1, β1, α2, β2, . . . , αn`1, βn`1q.
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Love waves: characterization

I.e., if Dn :“ detMn “ 0, for Mn :“

¨

˚

˚

˚

˚

˚

˚

˚

˚

˝

Lr
1 R2 O2 O2 O2 0

0 L2 R3 O2

O2 O2

O2 Ln´1 Rn 0
0 O2 O2 O2 Ln R l

n`1

˛

‹

‹

‹

‹

‹

‹

‹

‹

‚

where Lr
1 :“ 2

ˆ

coshrν1H2s

µ1ν1 sinhrν1H2s

˙

, R l
n`1 :“

ˆ

´e´νn`1Hn`1

`µn`1νn`1e
´νn`1Hn`1

˙

, and

@ j ě 2,

$

’

’

’

&

’

’

’

%

Lj :“

ˆ

`e´νjHj`1 `e`νjHj`1

´µjνje
´νjHj`1 `µjνje

`νjHj`1

˙

,

Rj :“

ˆ

´e´νjHj ´e`νjHj

`µjνje
´νjHj ´µjνje

`νjHj

˙

.

Why working with this big, complicated matrix instead of using the transfer matrix
method (=propagator matrix method)?

ë We read from it that there is at most one solution: the submatrix rMn where the
first row and the last column are removed, is block (upper) triangular with diagonal

blocks 2µ1ν1 sinhrν1H2s and the Lj ’s, hence det rMn “ 2n sinhrν1H2s
śn

j“1 µjνj ‰ 0.
(It also holds if some νj ’s are zero.)
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Love waves: dispersion relation

Proposition: dispersion relation

Let n P Nzt0u and Tj :“ Hj`1 ´ Hj , j P J1, n ` 1K, be the layers’ thickness. Then,

D Love wave at pω, kq ô

#

fnpω, kq :“ µ8ν8pω, kqPnpω, kq ` Qnpω, kq “ 0 ,

k ‰ ω{C8 ,

where the Pn’s and Qn’s are defined recursively by P0 “ 1, Q0 “ 0, and
ˆ

Pm

Qm

˙

“ Mm

ˆ

Pm´1

Qm´1

˙

for all m P J1, nK ,

with

Mm :“

$

’

’

&

’

’

%

ˆ

coshrνmTms sinhrνmTms{pµmνmq

µmνm sinhrνmTms coshrνmTms

˙

if νm ‰ 0 ,

ˆ

1 Tm{µm

0 1

˙

if νm “ 0 .

“k ‰ ω{C8” can be replaced by “ω{C8 ă k ă ω{C0” (C0 :“ minr0,`8q C), because the solutions to

fnpω, kq “ 0 are s.t. k P rω{C8, ω{C0q.
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Love waves: numerics

p1 ` 1q-layers p2 ` 1q-layers

p3 ` 1q-layers p6 ` 1q-layers
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Properties of the branches of k ’s

Definition–Lemma

Let n ě 1. For any fixed ω ą 0, let the kℓpωq’s be the decreasingly ordered values
k P Rztω{C8u for which pω, kq solves the dispersion relation fnpω, kq “ 0, i.e., a
Love wave exists. Then, kℓ P pω{C8, ω{C0q and fn is real-valued on p0,`8q ˆ

rω{C8, ω{C0q.
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Properties of the branches of k ’s

Theorem

Let n ě 1. For any ℓ, there exists ωℓ ě 0 s.t.

pωℓ,`8q Ñ p1{C8, 1{C0q

ω ÞÑ kℓpωq{ω

is analytic, bijective, increasing.
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Properties of the branches of k ’s

Theorem

Let n ě 1. For any ℓ, there exists ωℓ ě 0 s.t.

pωℓ,`8q Ñ p1{C8, 1{C0q

ω ÞÑ kℓpωq{ω

is analytic, bijective, increasing.

ñ C8 and C0 :“ minj Cj are the inverse of the upper and lower limit values.
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Properties of the branches of k ’s

Theorem

Let n ě 1. For any ℓ, there exists ωℓ ě 0 s.t.

pωℓ,`8q Ñ p1{C8, 1{C0q

ω ÞÑ kℓpωq{ω

is analytic, bijective, increasing.

Idea of proof:

‚ ω fixed: kℓpωq’s in finite number, hence isolated.Uses the simplicity of the Love
waves and complex analysis (Identity theorem).

‚ Branches ω ÞÑ pkℓpωq, ϕℓpωqq exist on an open interval, with kℓ and ϕℓ analytic.

‚ Increasing: direct computation.
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ω ÞÑ kℓpωq{ω

is analytic, bijective, increasing.

Idea of proof:

‚ ω fixed: kℓpωq’s in finite number, hence isolated.

‚ Branches ω ÞÑ pkℓpωq, ϕℓpωqq exist on an open interval, with kℓ and ϕℓ analytic.
Uses by analytic perturbation theory (Kato–Rellich theorem), relying on the
simplicity and isolation.

‚ Increasing: direct computation.
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Properties of the branches of k ’s

Theorem

Let n ě 1. For any ℓ, there exists ωℓ ě 0 s.t.

pωℓ,`8q Ñ p1{C8, 1{C0q

ω ÞÑ kℓpωq{ω

is analytic, bijective, increasing.

Idea of proof:

‚ ω fixed: kℓpωq’s in finite number, hence isolated.

‚ Branches ω ÞÑ pkℓpωq, ϕℓpωqq exist on an open interval, with kℓ and ϕℓ analytic.

‚ Increasing: direct computation. Since ω ÞÑ kℓpωq{ω is differentiable.
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Weyl’s law

Definition: number of branches kℓpωq{ω above or equal to y

Let n ě 1, ω ą 0 and y P p1{C8, 1{C0q. Define

Npω, yq :“ #

"

ℓ ě 1 :
kℓpωq

ω
ě y

*

“ max

"

ℓ ě 1 :
kℓpωq

ω
ě y ą

kℓ`1pωq

ω

*

,

with kℓpωq “ ´8 if kℓ is undefined at ω.

Note: ω ÞÑ Npω, yq is nondecreasing for y P p1{C8, 1{C0q —monotonicity of kℓpωq

ω
.
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Weyl’s law

Weyl’s law

Define ν̄j ” ν̄jpyq :“
νj pω,ωyq

ω
“

b

y 2 ´ C´2
j .

(n “ 1) For y P r1{C8, 1{C0q, Npω, yq „ ω
π

|ν̃1pyq| rT1 as ω Ñ `8.

(n “ 2) For y P r1{C8, 1{C0q, as ω Ñ `8,
$

’

&

’

%

Npω, yq „
ω

π
|ν̃1pyq| rT1 , if y P r1{ rC2, 1{C0q ,

Npω, yq „
ω

π

´

|ν̃1pyq| rT1 ` |ν̃2pyq| rT2

¯

, if y P r1{C8, 1{ rC2q .

(n ě 3) For y P r1{ rC2, 1{C0q, Npω, yq „ ω
π

|ν̃1pyq| rT1 as ω Ñ `8.
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ω

π

´
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¯
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(n ě 3) For y P r1{ rC2, 1{C0q, Npω, yq „ ω
π

|ν̃1pyq| rT1 as ω Ñ `8.

Conjecture for n ě 3

For y P r1{C8, 1{C0q, as ω Ñ `8,

Npω, yq „
ω

π

j
ÿ

p“1

|ν̃ppyq| rTp , if y P r1{ rCj`1, 1{ rCj q .
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ω

π

´
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¯
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(n ě 3) For y P r1{ rC2, 1{C0q, Npω, yq „ ω
π

|ν̃1pyq| rT1 as ω Ñ `8.

Recovering parameters:

‚ The “lines of accumulation” of branches are the 1{Cj “
a

ρj{µj .
Hence we also know the functions ν̃j .

‚ The asymptotics give the thickness Tj .
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Thank you for your attention!
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Rayleigh waves

2 ` 1-layers.
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